Abstract. Our aim in this article is to present some regularity results for the Primitive Equations of the ocean space dimension two with periodical boundary conditions. We prove the existence of weak solutions for the PEs, the existence and uniqueness of strong solutions and the existence of more regular solutions, up to C ∞ regularity.
Introduction
The objective of this article is to derive various results of existence and regularity of solutions for the Primitive Equations of the ocean (PEs) in two space dimensions. These results, besides their intrinsic interest, are needed in [9] which is another motivation of this work.
We consider the PEs in their nondimensional form (see Section 5) All the independent variables (t, x, z) and the dependent variables (u, v, w, ρ, p) are dimensionless, as are the forcing and source terms (S u , S v , S ρ ). Here (u, v, w) are the three components of the velocity vector and, as usual, we denote by p and ρ the pressure and density deviations, respectively, from prescribed background states. The (dimensionless) parameters are the Rossby number ε, the Burger number N , and the inverse (eddy) Reynolds numbers ν v and ν ρ .
Some motivations on the physical background and the derivation of these equations are given in the Appendix (Section 5). The two spatial directions are 0x and 0z, corresponding to the west-east and vertical directions in the so-called fplane approximation for geophysical flows (for details, see the Appendix); ∆ = ∂ The article is organized as follows: we start in Section 2 by recalling the variational formulation of problem (1.1) under suitable assumptions and we prove the existence of weak solutions for the PEs. We continue in Section 3 by proving the existence and uniqueness of strong solutions. Finally in Section 4 we prove the existence of more regular solutions, up to C ∞ regularity. We thought that it is useful to end the article with an Appendix (Section 5) containing some physical explanations regarding the PEs and the derivation of (1.1).
We mention here the similar works of Bresch, Kazhikhov and Lemoine [2] and of Ziane [13] , who consider different boundary conditions and do not consider the higher regularity results needed in [9] ; see also [11] . For the non-dimensional form of the PEs, we refer here for example to [4] , [8] , and [12] but a substantial amount of literature is available on this subject.
Existence of the Weak Solutions for the PEs
We work in a limited domain
and, since this is needed in [9] , we assume space periodicity with period M, that is, all functions are taken to satisfy f (x + L 1 , z, t) = f (x, z, t) = f (x, z + L 3 , t) when extended to R
2
. Moreover, we assume that the following symmetries hold:
(Here u, v and p are said to be even in z, and w and ρ odd in z.) We note that these conditions are often used in numerical studies of rotating stratified turbulence (see e.g., [1] ).
Our aim is to solve the problem (1.1) with initial data
Hence the natural function spaces for this problem are as follows:
denotes the functions with average in M equal to zero. These spaces are endowed with Hilbert scalar products; in H the scalar product is
and inḢ 1 per and V the scalar product is (using the same notation when there is no ambiguity):
where we have written dM for dx dz, and
The positive constant κ is defined below. We have
where c 0 > 0 is a positive constant related to κ and the Poincaré constant inḢ 1 per (M). More generally, the c i , c i , c i will denote various positive constants. Inequality (2.8)
is indeed a norm on V .
We first show how we can express the diagnostic variables w and p in terms of the prognostic variables u, v and ρ. For each U = (u, v, ρ) ∈ V we can determine uniquely w = w(U ) from (1.1d),
As for the pressure, we obtain from (1.1c),
where p s = p(x, 0, t) is the surface pressure. Thus, we can uniquely determine the pressure p in terms of ρ up to p s . It is appropriate to use Fourier series and we write, e.g., for u,
, where for notational conciseness we set 
where we denoted by p s the surface pressure and
, which is the average of p in the vertical direction, is defined by
Note that p is fully determined by ρ, up to one of the terms p s or p which are connected by the relation above.
We now obtain the variational formulation of problem (1.1). For that purpose we consider a test functionŨ = (ũ,ṽ,ρ) ∈ V and we multiply (1.1a), (1.1b) and (1.1e), respectively byũ,ṽ and κρ, where the constant κ (which was already introduced in (2.5) and (2.6)) will be chosen later. We add the resulting equations and integrate over M. We find:
Here we set
We now choose κ = 1/N 2 and this way we find e(U, U ) = 0. Also it can be easily seen that:
where
We also have the following:
Proof. Using the Hölder, Sobolev and interpolation inequalities, we estimate each term in b(U, U ,Ũ ):
; (2.16) follows from these estimates.
We now recall the result regarding the existence of weak solutions for the PEs of the ocean, see [7] . In [7] the existence of the weak solutions is established in three space dimensions with different boundary conditions, but the proof applies as well to two dimensions with our boundary conditions.
The proof of this theorem is based on the a priori estimates given below, which gives, as in [7] , that U ∈ L
H).
TakingŨ = U in equation (2.13), after some simple computations and using (2.14), we obtain:
Using the Gronwall inequality, we infer from (2.17) that:
and any ball B(0, r 0 ) in H with r 0 > r 0 is an absorbing ball, that is, for all U 0 , there
Furthermore, integrating equation (2.17) from t to t + r, with r > 0 arbitrary, we find:
where K 1 denotes a constant depending on the data. As mentioned before, (2.18) implies that
Remark 2.1. We notice that, in the inviscid case (ν v = ν ρ = 0 with S = 0), taking U = U in (2.13), we find, at least formally,
The physical meaning of (2.20) is that the sum of the kinetic energy (given by
) and the available potential energy (given by |ρ|
2 ) is conserved in time. This is the physical justification of the introduction of the constant K = N −2 in (2.5).
Existence and Uniqueness of Strong Solutions for the PEs
The solutions given by Theorem 2.1 are usually called weak solutions. We are now interested in strong solutions (and even more regular solutions in Section 4). We use here the same terminology as in fluid mechanics (incompressible Navier-Stokes
. We notice that we cannot obtain directly the global existence of strong solutions for the PEs as, e.g., for the Navier-Stokes equations using a single a priori estimate (obtained by replacingŨ by ∆U in (2.13)). Instead, to derive the necessary a priori estimates we proceed by steps: we successively derive
, ρ z and ρ x (the subscripts t, x, z denote differentiation, as do ∂ z and ∂ x below). Notice that the order in which we obtain these estimates cannot be changed in the calculations below.
We differentiate (1.1a) with respect to z and we find:
after multiplying this equation by u z and integrating over M, we find:
Integrating by parts and taking into account the conservation of mass equation (1.1d) we obtain:
In all that follows K(ε) denotes a constant depending on ε, we use the same notation for different constants. We easily obtain the following estimates:
which applied to (3.1) give:
We apply Poincaré's inequality and we find:
multiplying (3.3) by e c 0 ν v t , and integrating from 0 to t with t arbitrary we find:
Taking into account the estimates obtained in the previous section, we obtain an explicit bound for the norm of u z in L ∞ (R + ; H):
Integrating equation (3.2) from t to t + r with r > 0 arbitrarily chosen, we find:
where r 0 , r 0 , t 0 (|U 0 | H ) are as in Section 3. We now derive the same kind of estimates for u x : we differentiate (1.1a) with respect to x and we obtain
multiplying the equation by u x and integrating over M we find:
Based on the Holder, Sobolev and interpolation inequalities, we derive the following estimates:
Because of the way we defined the spaces we find, using the Fubini theorem:
We can also prove the following estimates: 1
With these relations (3.8) implies:
However, for later purposes, (3.10) is not sufficient, and we need estimates uniform in time. For that purpose we use the Uniform Gronwall Lemma (see e.g. [10] ) which states the following: If ξ, η and y are three positive locally integrable functions on (t 0 , ∞) such that y is locally integrable on (t 0 , ∞) and which satisfy
where r, a 1 , a 2 , a 3 are positive constants, then
Because of the previous estimates the conditions for applying the uniform Gronwall lemma to (3.9) are satisfied and we have:
The uniform Gronwall lemma yields then:
and thus
Integrating equation (3.9) from 0 to t 0 (|U 0 | H ) + r, we obtain a bound of
) (where t 0 = t 0 (|U 0 | H )) which depends on |U 0 | H . Integrating then equation (3.9) from t to t + r with r arbitrarily chosen, we find a bound independent of |U 0 | H :
We perform similar computations for v z : we differentiate (1.1b) with respect to z, multiply the resulting equation by v z and integrate over M. Using again the conservation of mass relation, we arrive at:
We notice the following estimates:
they give us:
where we denoted
. From (3.18), using the estimates obtained before and applying the classical Gronwall lemma we obtain bounds depending on the initial data for
we can apply the Uniform Gronwall lemma to (3.18 ) to obtain an a priori bound of
with a 1 , a 2 , a 3 as in (3.19), (3.20), (3.21). Integrating equation (3.18) from t to t + r with r > 0 arbitrarily chosen, we find:
The same methods apply to v x , ρ z and ρ x , noticing that at each step we precisely use the estimates from the previous steps, so that the order can not be changed in this calculations.
With these estimates, the Galerkin method as used for the proof of Theorem 2.1 gives the existence of strong solutions:
Proof. As we said, the existence of strong solutions follows from the previous estimates. It remains to prove the uniqueness. Assume U 1 and U 2 are two solutions of problem (2.13) satisfying (3.24), and let U = U 1 − U 2 . We write (2.13) for U 1 and U 2 withŨ = U ; combining the resulting equations, we find:
Using (2.15) we obtain:
From Lemma (2.1) and using Young's inequality we find that:
Going back to (3.26) we find:
Since U 2 satisfies (3.24) the function
is integrable, and we can apply the Gronwall lemma which yields, since
More regular solutions for the PEs
In this section we show how to obtain estimates on the higher order derivatives from which one can derive the existence of solutions of the PEs in (Ḣ 
where a 1 is a constant depending on the data but not on |U 0 | H . We then want to establish the same results for l = m. In equation (2.13) we takeŨ = D 2m U (t) with m ≥ 2 and t arbitrarily fixed, and we obtain:
Integrating by parts, using periodicity and the coercivity of a and the fact that e(U, U ) = 0 we find:
We need to estimate the terms in the right hand side of (4.3). We first notice that:
and it remains to estimate |b(U, U, D 2m U )|. For that purpose, we will use the following lemma:
Proof. By the definition of b we have:
The computations are similar for all the terms, and, for simplicity, we shall only estimate the first term from (4.6).
Integrating by parts and using periodicity, we find the following relations:
Similarly:
The sum of the terms corresponding to k = m in (4.7) and (4.8) vanishes by an analogue of (2.15). The other terms are estimated as follows, using the Sobolev and interpolation inequalities:
For the right-hand side of (4.8) we find:
Combining these estimates, we obtain (4.6).
Using Lemma 4.1 and Young's inequality we now bound the terms in the righthand side of (4.5). For the first term in the r.h.s of (4.5) we obtain:
The subsequent terms in the r.h.s. of (4.5) are also easily estimated as follows:
The remaining terms on the r.h.s. of (4.5) require a more careful treatment. That is, for 1 < k ≤ m − 1 we need to estimate the terms:
For the case k = 1 we distinguish between the case where D = ∂ x and the case where D = ∂ z . Taking into account the definition (2.9) of w, we see that, when
We can then write:
For D = ∂ z we find, from the definition (2.9), that |D
We then write:
Gathering (4.4) and the estimates above for
, where ξ and η are easily derived from (4.9), (4.10), (4.11), (4.12) and (4.13). Using the Gronwall lemma we obtain a bound for
We easily see that, because of the induction assumption (4.2) we can also apply the uniform Gronwall lemma and
). The details regarding the way we apply the uniform Gronwall lemma and we derive these bounds are similar with the developments in Section 3. 
, and since, by Young's inequality
the results follows.
In summary we have proven the following result:
Regularity (differentiability) in time can be also derived, if S is also C ∞ in time.
Appendix: Physical Background
The large-scale ocean equations considered in this article, also called the Primitive Equations (PEs), are derived from the general conservation laws of physics using the Boussinesq and hydrostatic approximations. They comprise: the conservation of horizontal momentum equation, the hydrostatic equation, the continuity equation, the equation for the temperature (conservation of energy), the equation of diffusion for the salinity and the equation of state (see, e.g., [7] , [8] or [12] ): and ∆ * h , respectively. We recall that in the hydrostatic approximation of the Boussinesq equation, the conservation of the vertical momentum equation is replaced by the hydrostatic equation corresponding to its leading terms (5.1b). We chose a linear equation of state (5.1f), but this is not essential; appropriate nonlinear equations could be handled where (x, y, z) and (u, v, w) are dimensionless variables. We also define the aspect ratio In this paper, we shall consider the case of two spatial dimensions by assuming that all functions are independent of y, but we allow v to be non-zero. We intend to study the three-dimensional case in a similar case. The system (5.14) becomes now (1.1). We notice easily that if u, v, ρ, w, p are solutions of (1.1) for S = (S u , S v , S ρ ), thenũ,ṽ,ρ,w,p are solutions of (1. The motivation for considering periodic boundary conditions is that there are needed in studies on homogeneous turbulence of the atmosphere and also for the study of the renormalized equations considered in [9] .
